We compute finite temperature properties of a recently proposed "excluded volume" model of quarkyonic matter under thermodynamic conditions found in binary neutron star mergers. To do so, we extend this model by introducing finite temperature distribution functions and entropy functionals. The main effect of temperature is to decrease by a small amount the baryon density at which the quarkyonic phase emerges, and to increase the density of quarks produced. To the extent this model describes reality, we conclude that hot environments such as neutron star mergers are more likely to host deconfined quark matter than their zero temperature counterparts. *
I. INTRODUCTION
Quarkyonic matter is a proposed phase of intermediate density QCD at large N c where confinement persists [1] . In this phase, baryons form a degenerate fermi gas where the total baryon number is distributed among both quark and nucleon degrees of freedom. One postulated feature of quarkyonic matter [1, 2] that sets it apart from other mixed quarknucleon phases is the structure of the momentum space distribution function. At zero temperature, due to confining forces at the fermi surface, the momentum space distribution consists of an inner sphere of quarks surrounded by an outer shell of nucleons. Compared with models exhibiting first order phase transitions [3, 4] , this shell structure produces a stiff equation of state at moderate densities, while retaining a soft equation of state at lower densities, making quarkyonic matter attractive for neutron star phenomenology [5] [6] [7] .
It was recently shown [5] that a pronounced peak in the speed of sound of nuclear matter, expected from neutron star observations [8] , is reproduced by a model of quarkyonic matter.
In this model, the momentum space shell structure is imposed through particular choices of quark and nucleon distribution functions. Interestingly, these distribution functions arise naturally in a simple model capturing some essential features of QCD, where quarks are treated as free particles and nucleons interact with each other via hard core repulsion [7] .
We will refer to this model as the "excluded volume" model of quarks and nucleons for the rest of the paper. Minimizing the total energy density of this two-component model yields a hadronic phase at low total baryon density and a quarkyonic phase at high baryon density, with the momentum space shell structure of [5] emerging dynamically. In this paper we extend this excluded volume model to finite temperature.
Probing the existence of quark matter through binary neutron star mergers motivates our analysis [9] . Recently it has become evident that information about the phase of matter present may be contained in the post-merger signal [3, 10] , and some questions which may be addressed are: whether neutron stars have deconfined quark matter in their cores [9] , and whether there is a phase transition between hadronic and quark degrees of freedom [11] . Reaching temperatures on the order of 50 MeV [12] , however, neutron star mergers present new theoretical challenges. Most ab-initio methods in nuclear physics are designed for zero temperature systems [13] [14] [15] , and analyzing mergers with lattice QCD is currently not practical due to the sign problem [16] . In absence of an exact method, few model calculations of finite temperature dense matter have been performed [11] . The primary goal of this paper, therefore, is to contribute to these few studies by extending the excluded volume model of quarkyonic matter model to finite temperatures. Within the model, we calculate the quark-onset density under thermodynamic conditions found in neutron star mergers. We find the effect of raising the temperature, though small, is to favor quark production.
This paper is organized as follows. In Sec. II we will define the excluded volume model at zero-temperature. In Sec. III we extend the model to finite temperature and in Sec. IV we present our findings. Finally, we conclude in Sec. V.
II. EXCLUDED VOLUME MODEL AT T = 0
In this section we review the zero temperature (T = 0) excluded volume model. In particular, we show how the distribution function of baryons evolves from purely nucleonic to quarkyonic as the baryon density is increased. For simplicity, throughout this paper we will consider isospin symmetric matter.
The central idea of quarkyonic matter is that confinement persists even at high baryon density [1] . Due to confining forces, quarks near the edge of the Fermi sea bind together to produce nucleons, while quarks deep within the Fermi sea, being Pauli blocked, do not.
These considerations lead to a momentum space "shell structure", depicted in Fig. 1 , where high density matter is supposed to be a fermi sphere of free quarks surrounded by a fermi shell of nucleons.
While the existence of quarkyonic matter cannot currently be deduced from first principle calculations in QCD, the excluded volume model of [7] generates the shell structure dynamically at zero temperature. The excluded volume model includes both nucleons and quarks as degrees of freedom, with quarks treated as free particles and nucleons interacting via hard-core repulsion. The hard-core repulsion is modeled by assigning each nucleon a volume v 0 , so that N nucleons in volume of V can only access a volume of V − N v 0 . This implementation of repulsive forces is perhaps crude, however such forces do exist, as can be deduced from partial wave analyses [17] , chiral effective field theory [18] , or simply by the fact that nuclei exist. In addition to producing the shell structure, the excluded volume theory predicts sensible low and high density limits: at low baryon density one obtains a To implement the model, note that both quarks and nucleons contribute to the total baryon number density:
Here n tot is the total baryon number density, and n N and n Q are the baryon number density in nucleons and quarks, respectively [19] . Related to n N and n Q are the energy density in nucleons and quarks, N and Q . According to the laws of thermodynamics [20] , at zero temperature the equilibrium configuration is obtained by minimizing the total energy density
at fixed total baryon density. The equilibrium configuration of the system is fully specified through this minimization procedure when N (n N ) and Q (n Q ) are supplied. In the excluded volume model, these dependencies are supplied through intermediary quantities, namely the distribution functions of quarks and nucleons, which we denote as f Q (k) and f N (k), and take to be:
These definitions implement a fermi sphere of quarks surrounded by a shell of nucleons.
The baryon density in quarks n Q and the baryon density in nucleons n N are defined as the following functionals of f Q and f N [7] :
as are the energy densities:
Here Q (k) and N (k) are free quark and nucleon dispersion relations, n 0 ≡ v −1 0 is the hard-core density, N f = 2 and s = 1/2 is the spin of a quark or nucleon. We neglect throughout this paper anti-particle contributions to all thermodynamic quantities, as they are suppressed by powers of the vanishingly small quantity e −2M/T . Equations 3-5, along with the minimization procedure, fully define the excluded volume model at zero temperature.
For intuition of how the model might capture the properties of high density matter, note that baryon number can be stored either in quark degrees of freedom or nucleon degrees of freedom. No particular configuration is enforced, and which degrees of freedom are actually present in equilibrium at a given density is determined by the energy cost. This is depicted schematically in Fig. 2 .
We now demonstrate that the excluded volume theory generates quarkyonic matter. To proceed, we must specify the dispersion relations of the quarks and nucleons. Throughout this paper we employ non-relativistic dispersion relations:
where M is the nucleon mass and m is the quark mass with m ≡ M/N c . These dispersion relations well-approximate the full relativistic dispersion relations in neutron stars and neutron star mergers, where the density spans the range 0 n/n sat 5 [12, 21] ; here n sat ≡ 0.16 fm −3 is nuclear saturation density. Indeed, only at n/n sat ∼ 10 (for nucleons)
Here we schematically depict the energy minimization procedure. The horizontal axis is the fraction of baryon density in quarks, and the vertical axes is the total energy density for a given quark fraction. The width of the shell varies as the quark fraction is varied. The system's equilibrium state is that which minimizes the total energy density. and n/n sat ∼ 3 − 5 (for quarks) does the non-relativistic expansion begin to break down.
With these specifications,
and
The total energy density is then given by The M n tot term is produced by the combined contributions of the rest mass energy from quarks and nucleons, and does not affect a minimization at fixed n tot . We therefore drop the rest mass contribution in all subsequent calculations. It is straightforward to numerically compute the integrals above, then minimize the total energy at fixed n tot . Following this procedure results in Fig. 3 , where we have taken the hard core density to be n = 2.5n sat (which is about the density of a proton). Here it is seen that the excluded volume model dynamically produces quarkyonic matter: at low density the system is composed of all nucleons, but around the hard-core density quarks are dynamically produced.
Due to the presence of the two fermi surfaces, however, seeing this behavior analytically is complicated. To understand the quark onset behavior, it pays to look at two limiting cases: all nucleons or all quarks. In either of these cases, the two fermi surfaces collapse to one, simplifying expressions. For a given total baryon density n tot , the energy of an all quark configuration is
while the energy of an all nucleon configuration is
These are qualitatively different behaviors, and account for the general features of Fig. 3 .
At low density, when n tot << n 0 , the energy required to produce quarks is roughly N 2 c times the energy needed to produce baryons. This is why at low densities the equilibrium configuration consists of all nucleons. However, the energy required to produce nucleons increases with density due to the repulsive interactions, and when
nucleons become more difficult to produce than quarks. At this point, the density of nucleons saturate, while quarks are produced in ever greater amount.
III. EXCLUDED VOLUME MODEL AT T = 0
We now proceed to the T = 0 case. In order to capture thermal effects, we first modify the distribution functions f Q and f N . We define the finite temperature distribution functions to be the following:
where g is the Fermi-Dirac distribution
and β = T −1 . These distribution functions are plotted in Fig. 4 for a visual aid. The density and energy density functionals are still taken to be Eqs. 4 and 5, but are now computed with the distribution functions Eq. 13.
This choice of f Q and f N , with a common envelope g, implements both the shell structure (through the θ functions) and the observation that there is just one underlying distribution function in quarkyonic matter. Since there is just one outermost fermi surface, heating the system by a small amount should result in a deformation only at this edge (at h + δh). One feature which is evident from Fig. 4 is that nucleons are affected by temperature before quarks. In the following section we will see this feature produces particular dynamics An additional new feature enters the finite temperature theory. At T = 0 and fixed baryon density, it is the Helmholtz free energy, rather than the energy, which is minimized in equilibrium. Since the Helmholtz free energy F is related to the energy E by F = E − T S (S is the entropy and T is the temperature) entropy functionals are needed in order to proceed. We define the entropy functionals for quarks (s Q ) and nucleons (s N ) to be the following:
where ξ Q (k) = Q (k) − (h + δh)/N c and ξ N (k) = N (k) − (h + δh). To understand this choice of s Q and s N , recall that the excluded volume model consists of N c species of free quarks within the fermi sea, on top of which is a fermi shell of nucleons whose interactions are completely encoded by an excluded volume (i.e the nucleons are free within the excluded volume). Our aim is to implement precisely these observations. Given that the entropy density for a single species for free fermion is
where f (k) is the Fermi-Dirac distribution, we see that the proposed s Q and s N describe the entropy of free fermions with the shell structure imposed. The remaining factors in s Q and s N account for powers of N c and the fact that nucleons interact in an excluded volume.
We conclude this section by describing our method for computing the equilibrium properties of the finite temperature excluded volume model. The goal is to find, given a fixed total baryon density, the distribution functions f Q and f N which minimize the Helmholtz free energy density. Once these functions are known, all thermodynamic quantities can be computed. To accomplish this goal, first a total density n tot is chosen, and is partitioned into n Q and n N such that n Q + n N = n tot . Next, the density functionals Eq. 4 are inverted numerically to produce h and δh. These parameters are then used to compute the energy and entropy densities (Eq. 5 and Eq. 15). This procedure is repeated over all partitions. Minimizing the free energy density, the equilibrium values of h and δh (and hence the distribution functions) are obtained.
IV. RESULTS
In this section we present our findings. We focus on the effect of temperature on quark production. In particular, we compute the onset density of quarks as a function of temperature as well, as the equilibrium quark fraction. We first employ a low-temperature expansion [22] , where the expansion parameter is T n 2/3 tot /M , to understand thermal effects analytically.
The low temperature expansion suggests that heating the system aids in quark production.
Relative to the zero temperature case, heating the system reduces the onset density and raises the fraction of quarks present in equilibrium. We then elaborate upon these analytic arguments with numerical calculations.
In the following we compute the thermodynamic functionals for all quark and all nucleon configurations. We first compute in terms of the shell radii h, δh and the temperature T to lowest non-trivial order in the low temperature expansion, then invert to express the free energy as a function of density. As in the zero temperature case, we drop the rest mass contribution from both the quark and nucleon energy densities. For the nucleons:
and for the quarks:
where h ≡ h−M Nc . For clarity of notation, we use n N and n Q to denote the nucleon and quark densities, keeping in mind that we are interested in comparing the free energies of an all quark and an all nucleon configuration; at the end of the calculation we set n N = n Q = n tot .
To obtain the free energy density as a function of n N and n Q , it is necessary to invert the shell radii in terms of the density and temperature, then substitute these relations into the energy and entropy densities. To lowest order, the shell radii read
where δh(0) = 1 
Combing the energy and entropy, the change in the free energy for an all nucleon configuration due to the introduction of a temperature is while the change in free energy for an all quark configuration is
Now setting n N = n Q = n tot , the meaning of these free energy shifts becomes clear. The ratio of (the changes in) the free energy for the two configurations is
Both species decrease in free energy as the temperature is increased, however the quarks decrease in energy faster than the nucleons. Therefore, while the case considered here is a simplification of the excluded volume model, it appears reasonable to conclude that more quarks will be produced at finite temperature than at zero temperature. This expectation is validated by our numerical calculations.
We now present our numerical results. In all that follows we take N c = 3, M = 938 MeV, N f = 2 and s = 1/2. To begin, Fig. 5 illustrates a typical minimization procedure. Here the hard core density is set to 2.5n sat , T = 50 MeV and n tot = 2.2n sat . The left hand panel shows that, while the energy density tot has a minimum at zero quark fraction, the free energy density f tot does not. This shift is due to entropy, shown on the right. As expected from the behavior of free particles, the entropy of quarks increases monotonically with quark fraction. This is not the case with nucleons, where the maximum entropy occurs at a quark fraction of ∼ 30%. This non-trivial behavior is due to the competition between increasing density and the excluded volume factor (1 − n/n 0 ).
Next, in Fig. 6 we plot the quark fraction for a range of thermodynamic conditions. In particular, we choose temperatures and densities expected in neutron star mergers [12] , and once again the hard core density is taken to be n 0 = 2.5n sat . Several features of the excluded volume model can be gleaned from Fig. 6 . First, as expected from the low temperature expansion, quarks appear at lower density and in greater amount as the temperature is raised.
Second, the onset density changes by only ∼ 2% over the temperature range examined. This robustness of the onset density, while perhaps surprising, can be simply understood: quarks, residing within the shell of nucleons, are largely protected from the temperature. Indeed, at the onset density the distribution function is nearly all "shell", and large temperatures are required to deform the fermi surface enough to affect quarks. The low temperature expansion can be used to substantiate this claim. To do so, note the system is nearly all nucleons at the onset density, so we can safely neglect quarks. Now, the factor (1 − n/n 0 In the right panel of Fig. 6 , we demarcate the quark content in various regions in the of the temperature/density plane. Within the model, we conclude that the effect of temperature is to slightly decrease the onset density relative to the zero temperature case. Whether this prediction of the excluded volume model extends to reality is not known, and must be checked by more microscopic calculations. Finally, varying the single parameter of this model, the hard core density, we find that the quark onset density is well approximated by the simple relation n onset = 0.863n 0 , correct to 5%, for temperatures between 0 MeV ≤ T ≤ 50 MeV.
V. CONCLUSION
In this paper we studied the finite temperature properties of an excluded volume model of quarkyonic matter. To do so, we introduced finite temperature distribution functions and entropy functionals motivated by the momentum-space shell structure of [5, 7] . Due to entropy, we find that the quark onset happens at lower densities at finite temperature than at zero temperature. Additionally, for a fixed density, we find that the amount of quarks produced increases as a function of temperature. If a nuclear to quark matter transformation behaves as suggested by this model, it would imply that relatively hot environments such as neutron stars mergers are more likely to carry signatures of quark matter than zero temperature environments.
We conclude by noting that, with finite temperature distribution functions and a complete set of thermodynamic functionals in hand, it is possible to compute in the excluded volume model a number of observables relevant to nuclear astrophysics. For example, the finite temperature equation of state as well as the speed of sound of quarkyonic matter can be computed. It may also be useful to compute mass-radius relations of neutron stars in the excluded volume model to compare with the constraints of [8, 23] , where a peak in the sound velocity between 2 − 3n sat is favored. Finally, using finite-temperature distribution functions extracted from the excluded volume model, neutrino scattering rates through hot, dense merger matter may be computed. 
